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RESTRICTION OF TORAL EIGENFUNCTIONS
TO HYPERSURFACES AND NODAL SETS

JEAN BOURGAIN AND ZEEV RUDNICK

Abstract. We give uniform upper and lower bounds for the L? norm of the
restriction of eigenfunctions of the Laplacian on the three-dimensional standard
flat torus to surfaces with non-vanishing curvature. We also present several related
results concerning the nodal sets of eigenfunctions.

1 Introduction

Let M be a smooth Riemannian surface without boundary, A the corresponding
Laplace—Beltrami operator and > a smooth curve in M. Burq, Gérard and Tzvet-
kov [BGT07] established bounds for the L?-norm of the restriction of eigenfunctions
of A to the curve X, showing that if —Apy = A2py, A > 0, then

[loallza () < A4 loallL2(an) (1.1)

and if ¥ has non-vanishing geodesic curvature then (1.1) may be improved to

leallzes) < M9 ol L2 an)- (1.2)

Both (1.1), (1.2) are saturated for the sphere S2.
In [BGTO7] it is observed that for the flat torus M = T?, (1.1) can be improved
to

oallzzzy < Alloallrzan, Ve >0 (1.3)

due to the fact that there is a corresponding bound on the supremum of the eigen-
functions. They raise the question whether in (1.3) the factor A\ can be replaced by
a constant, that is whether there is a uniform L? restriction bound. As pointed out
by Sarnak [Sar|, if we take ¥ to be a geodesic segment on the torus, this particular
problem is essentially equivalent to the currently open question of whether on the
circle |z] = A, the number of lattice points on an arc of size \'/? admits a uniform
bound.

In [BGTO7] results similar to (1.1) are also established in the higher dimensional
case for restrictions of eigenfunctions to smooth submanifolds, in particular (1.1)
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holds for codimension-one submanifolds (hypersurfaces) and is sharp for the sphere
541 Moreover (1.2) remains valid for hypersurfaces with positive curvature [Hu09)].

In this paper we pursue the improvements of (1.2) for the standard flat d-dimen-
sional tori T¢ = RY/Z9, considering the restriction to (codimension-one) hypersur-
faces ¥ with non-vanishing curvature.

Main Theorem Let d = 2,3 and let ¥ C T¢ be a real analytic hypersurface with
non-zero curvature. There are constants 0 < ¢ < C' < co and A > 0, all depending
on ¥, so that all eigenfunctions ¢y of the Laplacian on T¢ with X\ > A satisfy

clleallz < lleallrzzy < Cllwalle- (1.4)

Observe that for the lower bound, the curvature assumption is necessary, since
the eigenfunctions ¢(x) = sin(27niz1) all vanish on the hypersurface z; = 0. In
fact this lower bound implies that a curved hypersurface cannot be contained in the
nodal set of eigenfunctions with arbitrarily large eigenvalues.

It was shown in [BR11a] that this last property of the nodal sets of toral eigen-
functions hold in arbitrary dimension d. As we point out in Sect. 10, the argument
from [BR11a] implies in fact a bound for the d — 2 dimensional Hausdorff measure
of the intersection of nodal sets with a fixed hypersurface >::

Theorem 1.1. Let ¥ C T be a real analytic hypersurface with nowhere vanishing
curvature. Then for A > Ay, the nodal set N of any eigenfunction y) satisfies

hd,Q(N N Z) < cn . (1.5)

For dimension d = 2, this means an upper bound for the number of intersection
points of a fixed curve with the nodal lines. Interestingly, using the Main Theorem,
one can show that conversely:

Theorem 1.2. Let X C T? be a real analytic non-geodesic curve. There is A, such
that for A > Ay, the nodal set N of any eigenfunction @) satisfies

#NNX) > A" foralle >0 (1.6)
and for d = 3, the following property

Theorem 1.3. Let ¥ C T3 be as in the Main Theorem. There is Ay, such that for
A > Ay, the nodal set N of any eigenfunction @) intersects X..

Returning to the results of [BGTO07] for smooth Riemannian surfaces, let us point
out that there is a close connection between estimates on ||, ||z2(s) With X a geode-
sic segment and bounds on the L*-norm ||, | r+(m)- Recall Sogge’s general estimate
for the LP-norm [Sog88]

loallzran < OXP [loall2ar) (1.7)
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where
1011 .
Ll _ Ly 4 o<p<p
3(p) = f(Q ) 2 (1.8)
5— % if 6<p<oo
The following inequalities were established in [Bou09]
loallz2z) < O l@allLean) (1.9)
if X C M is a geodesic segment and p > 2, and conversely
loallLaany < Atete max loallza(s)- (1.10)

where the maximum is over all geodesic segments ¥ C M of unit length. Hence
(1.9), (1.10) imply that improving upon the restriction bound (1.1) is essentially
equivalent with convexity breaking for the L*mnorm (see also [Sogll]). Of course
for M = T2, ||¢xlloc < A° and previous considerations are of no interest. However,
the example of an integrable torus M constructed in [Bou93| provides a sequence of
eigenfunctions ¢, and a geodesic segment 3 C M such that

loxllsary ~As and  loall2(m) ~ Ax. (1.11)

Thus this example saturates the inequality (1.9) for p = 6 and also the [BGTO7]
bound (1.1) (providing a surface quite different from the sphere).

The proof of the Main Theorem for d = 2 is rather simple (compared with d = 3)
and we describe it next, as an illustration of the method and some of the arithmetic
ingredients used, see [BR09].

Denote by o the normalized arc-length measure on the curve . Using the method
of stationary phase, one sees that if 3 has non-vanishing curvature then the Fourier
transform o decays as

GO < €172, ¢ #0. (1.12)
Moreover |g(£)| < (0) = 1 with equality only for & = 0, hence
sup [o(&)] <1 -9, (1.13)
04££€72

for some 6 = dy, > 0.
An eigenfunction of the Laplacian on T? is a trigonometric polynomial of the
form:

pla) =Y p(n)e(n-x)

[n|=A

(where e(z) := €2™#), all of whose frequencies lie in the set £ := Z?NAS!. As is well
known, in dimension d = 2, #& < A€ for all € > 0. Moreover, by a result of Jarnik
[Jar26], any arc on AS* of length at most cA/? contains at most two lattice points
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(Cilleruelo and Cordoba [CC92] showed that for any § < 3, arcs of length A° contain
at most M () lattice points and in [CGO7] it is conjectured that this remains true
for any § < 1). Hence we may partition,

£=Jé (1.14)

where #&, <2 and dist(&,, E5) > eA'/3 for o # 3. Correspondingly we may write,

p=> 9" (&)= pne(n), (1.15)

«a neé,

so that |[¢]|2 =", [l¢®3 and

/|g02da = ZZ ©*pBdo. (1.16)
b

a 52

Applying (1.12) we see that [, ©*PBdo < A71/0 if o # § and because #E < A
the total sum of these nondiagonal terms is bounded by A~Y/6+¢||p|3. Tt suffices
then to show that the diagonal terms satisfy

511613 < / 6% 2do < 2//6°] . (117)
>

This is clear if &, = {n} while if & = {m,n} then

/ 16 2do = |B(m)P? + |3(n) > + 2Re Bm)3(m)a(m —n),  (L18)
)

and then (1.17) follows from (1.13) This proves the Theorem for d = 2.

The proof of the Main Theorem for dimension d = 3 is considerably more involved
and occupies Sects. 2-9 of the paper. Arguing along the lines of the two-dimensional
case gives an upper bound of A\¢. To get the uniform bound for d = 3 we need
to replace the upper bound (1.12) for the Fourier transform of the hypersurface
measure by an asymptotic expansion, and then exploit cancellation in the resulting
exponential sums over the sphere. A key ingredient there is controlling the number
of lattice points in spherical caps.

To state some relevant results, denote as before by £ = Z% N AS?~! the set of
lattice points on the sphere of radius A\. We have #& < A\4=2+¢. Let Fy(\, ) be the
maximal number of lattice points in the intersection of £ with a spherical cap of size
r > 1. A higher-dimensional analogue of Jarnik’s theorem implies that if r < A/ (d+1)
then all lattice points in such a cap are co-planar, hence Fy(r, \) < r¢=3%¢ in that
case, for any ¢ > 0. For larger caps, we show:
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PROPOSITION 1.4. (i) Let d = 3. Then for any n < {x,

n
Fy(\ ) < X° Q«(%) + 1) . (1.19)
(ii) Let d = 4. Then
T3
Fy(\ 1) < A° <A - r3/2> : (1.20)
(iii) For d > 5 we have
Td_l
Fy(\ 1) < X ()\ + rd_3> (1.21)

(the factor ¢ is redundant for large d).

d-3 measures

The term %=1/ concerns the equidistribution of £, while the term
deviations related to accumulation in lower dimensional strata.

Only (1.19) (d = 3) is relevant for our purpose (Lemma 6.8 in the paper, proved in
Section 9) and (1.20), (1.21) for d > 4 (proven in Appendix A.) were included to pro-
vide a more complete picture. We point out that the argument used to obtain (1.19)
is based on certain diophantine considerations and dimension reduction, hence dif-
fers considerably from the proof of (1.20), (1.21) using standard Hardy-Littlewood
circle method and Kloosterman’s refinement for d = 4.

The second result expresses a mean-equidistribution property of £. Partition the
sphere \S? into sets C,, of size A'/2, for instance by intersecting with cubes of that
size. Since #& < A€, one may expect that #C, NE < A°. We show (in joint work
with Sarnak [BRS]) that as a consequence of “Linnik’s basic Lemma”, this holds in
the mean square:

LEMMA 1.5.

S HENCHP < AT, Ve > 0. (1.22)

(0%
Finally, considering very large caps r > A\'~9, there is an estimate

LEMMA 1.6.
2
#(ENC,) < (g) A for > AL (1.23)

(0o > 0 some absolute constant).

which is a consequence of Linnik’s equidistribution property (see Sect. 2.1). While
we make essential use of Lemma 1.5 in our analysis, Lemma 1.6 will not be needed,
strictly speaking.
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Let 1 < r < X and let C, C’ be spherical r-caps on A\S? of mutual distance at
least 10r. Following the argument for d = 2, we need to bound exponential sums of
the form

Yo Y dmae(dn—n)),  lellz=1 (1.24)

neCn’eC’

where v is the support function of the hyper-surface 3, which appears in the asymp-
totic expansion of the Fourier transform of the surface measure on >, see Sect. 3.
For instance, in the case that ¥ = {|z| = 1} is the unit sphere then h(§) = [£].

For r < A7¢ we simply estimate (1.24) by F3(\,7) (see (1.19)). When A\!7¢ <
r < X this bound does not suffice and we need to exploit cancellation in the sum
(1.24).

LEMMA 1.7. There is § > 0 so that (1.24) admits a bound of A\'=9 for A > 1.

This statement depends essentially on the equidistribution of £ in caps of size
VA, as expressed in Lemma 1.5.

Using Taylor expansions of the function ¢ (z — y) with x,y restricted to S? and
suitable coordinate restrictions, Lemma 1.7 is eventually reduced to the following
one-dimensional exponential sum estimate (proven in Sect. 6):

LEMMA 1.8. Let § > 1 and X,Y C [0,1] arbitrary discrete sets such that |z —
2 ly—vy| > B2 forx#2' € X andy#y €Y. Then

Z Z e(Bzy + BY32%%)| < 17" (1.25)

zeX yeY
for some k > 0.

Extending the Main Theorem to arbitrary dimension d remains unsettled at this
point. We make the following

CONJECTURE 1.9. Let d > 2 be arbitrary and ¥ C T? a real analytic hypersurface.
Then, for some constant Cs;, all eigenfunctions oy of T¢ satisfy

[eallzes) < Cslleall2- (1.26)

If moreover ¥ has nowhere vanishing curvature and A > Ay, for some cx, > 0, also

leallzziz) > esliealla. (1.27)

It should be pointed out that in our proof of the Main Theorem for d = 2, 3, only
distributional properties of £ = Z? N [|z| = A] were exploited, but not the fact that
& actually consists of lattice points. In Sect. 11, we give an example, for d > 8, of
sets Sy C AS?~! satisfying the ‘ideal’ distributional property

| — v Z)\ﬁ for z # y in Sy (1.28)
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and such that the Fourier restriction operator
L5771 do) — £(Sy) : e fils, (1.29)

has unbounded norm for A — oco. This illustrates the difficulty for carrying out our
analysis in larger dimension.

As said earlier, even for d = 2 and ¥ a straight line segment in T?, (1.26) remains
open and is roughly equivalent with the arithmetic statement that the number of
lattice points on an arc of size v/\ on the circle || = A is bounded by an absolute
constant. An easy argument in [BR11b] shows that this last property is true for most
E = )\? and in fact the elements of {|z|?> = E} are at least 3> A\ ~¢ separated, for all
€ > 0. In Sect. 12, we establish the following

Theorem 1.10. Let ¥ C T? be a smooth curve. Then for almost all E = A2, there
is a uniform restriction bound

loallzzm) < Clloall2. (1.30)

In Sect. 13 we obtain an analogue for ']I‘d, d > 3 of a theorem of Nazarov and
Sodin [NS09] on the number of nodal domains.

Theorem 1.11. Let d > 3 and E = \? be sufficiently large. Then for a ‘typi-
cal’ element @) of the eigenfunction space —Ay = FE¢, the nodal set N has ~ \¢
components.

Recalling Courant’s nodal domain theorem, the interest of Theorem 1.11 is the
lower bound on the number of nodal domains.

Almost all the subsequent analysis in the paper relates to d = 3 and T3-eigen-
functions. Let us stress again that the arithmetic structure of the frequencies of the
trigonometric polynomials involved is essential here.

2 Lattice Points in Spherical Caps

2.1 Lattice points on spheres. @ We recall what is known concerning the total
number pg(R?) of lattice points on the sphere of radius R. Throughout we assume,
as we may, that n := R? is an integer. We have a general upper bound

pa(R?) < R¥7%¢ vYe>0 (2.1)

and in dimension d > 5 we in fact have both a lower and upper bound of this
strength:

pa(R?) =~ R¥7%, d>5. (2.2)

In smaller dimensions both the lower and upper bound (2.1) need not hold. For
instance if n = 2% is a power of 2 then ps(R?) = 24 is bounded. The situation
in dimension d = 3 is particularly delicate. It is known that p3(n) > 0 if and
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only if n := R% # 4* (8m — 1). There are primitive lattice points on the sphere
of radius R = /n (that is = (1,22, x3) with ged(z1,z2,23) = 1) if an only if
n # 0,4,7 mod 8. Concerning the number p3(R?) of lattice points, the upper bound
(2.1) is still valid, and if there are primitive lattice points then there is a lower bound
of p3(R?) > R'°M) but there are arbitrarily large R’s so that

p3(R?) > Rloglog R. (2.3)

A fundamental result conjectured by Linnik (and proved by him assuming the
Generalized Riemann Hypothesis), that for n # 0,4, 7 mod 8, the projections of these
lattice points to the unit sphere become uniformly distributed on the unit sphere as
n — oo. This was proved unconditionally by Duke [Duk88,DS90] and Golubeva and
Fomenko [GF90], following a breakthrough by Iwaniec [Iwa87].

2.2 Lattice points in spherical caps: Statement of results. Let Z c §d-1
be a unit vector, R > 1, and r = o(R). Consider the spherical cap C' = C(R(,r)
which is the intersection of the sphere |2| = R with the ball of radius ~ r around

RC. Set

Fy(R,r) = max 4740 C(RC, )
{egat
which is the maximal number of lattice points in a spherical cap of size r on the
sphere || = R. We want to give an upper bound for Fy(R, r) in the case of dimension
d = 3. The results which will be proven in this section are as follows:
(i) For all € > 0,
2
Fy(R,r) < Rﬁ(l + W)' (2.4)

This is an immediate consequence of a Jarnik-type result on non-coplanar lattice
points in small caps. It is only useful for small caps, when r < RY2,
For larger caps we shall show the following bound:
(i) For any n < 1,
r

Fy(R, 1) < R€(1 +7«(E)"). (2.5)

It is natural to conjecture that F3(R,r) < R°(1+ %) for r < R'79.

2.3 Intersections with hyperplanes. Let x4(R) be the maximal number of
lattice points in the intersection of the sphere |Z| = R in R? and a hyperplane.
For dimension d = 2,

K9 (R) § 2
while in dimension d = 3 we have

k3(R) < R, Ve > 0. (2.6)
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2.4 Small caps.

LEMMA 2.1. For a spherical cap C of size r on the sphere of radius R in R? the
number of lattice points in C' is at most

#C’OZ3<<RE(1+ r ) (2.7)

1
2

Proof. Firstly, we note that if the cap has radius r < RY? then it contains only a
O(R®) lattice points. This can be deduced from Jarnik’s method [Jar26] and also from
a general result of Andrews [And63] that if C' is any convex body in R? with volume V'

then the number of lattice points on its boundary which are not coplanar is < =3
In our case of a cap in dimension 3, the base of the cap has area ~ r2 and if @
is the opening of the cap, so that r ~ R, then the height of the cap is about
R — Rcosf ~ RO?> =~ r?/R, hence the volume of the cap is V ~ r*/R. Thus if
r < RY* then any such cap will contain at most (say) 100 non-coplanar lattice
points. Any lattice points in the cap will lie on one of the plane sections of the cap
through any three of the 100 non-coplanar lattice points. Each such plane section
will contain at most R¢ lattice points (uniformly as a function of the plane) and
hence the cap will contain at most O(R¢) lattice points.

Now, for a cap C of radius r = R4, divide it into caps of radius R'/*; the num-
ber of such caps will be ~ area(C)/(RY*)? ~ r?/R'/?, and hence the total number
of lattice points in C' is at most R¢(1 + r2/RY?). 0

2.5 A linear and sub-linear bound. We now turn to larger caps.

Here is a simple bound via slicing, using the fact that we can control the number
of lattice points in the intersection of a sphere and a hyperplane parallel to one of
the coordinate hyperplanes:

LEMMA 2.2. In dimension d > 2,
Fy(R,r) < (1 +7r)ka(R). (2.8)

Proof. A ball of radius r is contained in a vertical slab of the form A < zg4 < A+ 2r
and hence all integer points in the intersection of the sphere |z| = R and the ball
|z — Zo| < r lie in the union of the planes z4 = k, A < k < A + 2r with k integer.
The intersection of each plane and the sphere |z| = R has at most k4(R) lattice
points, and therefore the total number of lattice points is at most (1 + r)kq(R). O

In particular, for dimension d = 3 this says that
#ONZ> < R (1+7). (2.9)

We can improve on Lemma 2.2 by slicing with well-chosen planes rather than
vertical planes. More precisely, we have

LEMMA 2.3. Let C be a cap of size r on the sphere {|Z| = R} C R3. Then for any
0 <n<1/16,
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#ONTP < R (1 + r<%)"). (2.10)

Proof. 1t will involve several considerations.

(i) Finding good slices. We try to find an integer vector a € Z? and use slices
of the cap with the sections a.z = k. We consider a larger cap C; = C(R%, Rb;)

mv
|%| which contains the original cap C'. Thus we want

the new cap angle 6 to satisfy

of radius r; = R#; around R

91=9+]Z—§‘\. (2.11)

To bound the number of lattice points in the new cap C;, we exhaust them
by the parallel sections a.z = k, which are orthogonal to the direction a of the
new cap. The distance between adjacent sections is 1/|a|. The number of sections
intersecting the cap C is bounded by |a| times the height of the cap, which is
R — Rcosf; ~ RO?. Hence the number v(C1, a) of sections intersecting the cap is

v(Cy,a) < 1+ RO?|a| (2.12)

and the analysis above shows that the number of lattice points in the cap Cy is
bounded by

#C1 N 72 < kg(R) - v(C1,d) < kg(R) - (1 + RO3|al). (2.13)

To gain over the linear bound (2.9) we need to find some ¢ > 0 and a nonzero integer
vector a € Z¢ such that

RO?|a| < ro% (2.14)
that is
- G g>+9
0+[C— =] < —. (2.15)
lal”  |dlz
Setting
1-26
Q=012 = <R> (2.16)
r
then (2.15) is implied by requiring both
ld| <@ (2.17)
jall = [a[2Q27
where we have set
20
Uy (2.19)

Finding @ € Z? as above is then our goal.
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(ii) Diophantine approximation. O

LEMMA 2.4. Fix an integer Q > 1 and 0 < n < 1. Let ¢ = ((1,...,¢q) € [—1,1]¢.
Then one of the following holds:
(1) There is Q@ < q < 2Q and a € Z% such that

aj n
;- —= —. 2.2
@%‘CJ q ‘ = Q (220

(2) There are b € Z%, with 0 < max |bj| < 1/n with

d

S b < Qind (2.21)

Jj=1

where we denote by ||z|| the fractional part of z, or the distance of x to the nearest
integer.

Proof. Let 0 < 9 < 1 be a smooth bump function on the torus T¢, such that

(1) 0 <9 <1for |jz] <n/2
(2) ¥(z) =0 for ||z|| > n
(3) |(m)| < nle=Vriml

If (2.20) fails, then

>
T el
hence
> w(gl) =0 (2.22)
Q<q<2Q

Expressing this in a Fourier series gives (writing e(z) := ™)

0=Qu(O)+ > () > eleC-b)

0#£beZ Q<q<2Q
1\ !
> cQn? — cane*V el <|e(( -b) — 1]+ Q>
b£0

1
d 2:7\/ b
> cQ) 1— ol ~

1 1
d —d X
> c( ? — —C ma YN
gl (2 L 0<|b|<en—1 QHC : bH)

Hence Q||¢ - b|| < en~¢ for some nonzero b € Z%, |b| < en~!.
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LEMMA 2.5. Let ¢1,(2 € [-1,1],0 < v < 1/15, and Q >~ 1 an integer.
Then there is an integer 1 < ¢ < Q and a € Z? so that

max ‘@ - afj) L T (2.23)
7=1,2 2

REMARK. Dirichlet’s principle says that given Z € R?, and an integer K > 1, we

can find 1 < ¢ < K? and a € Z? so that

a; 1
ax [(j — —| < —=. 2.24
max | 2| < (2:24)

Lemma 2.5 improves on this when ¢ is small.

Proof. Applying Lemma 2.4 with n = Q~7, either we have an integer
Q < ¢ <2Q with

a; < 1 - V2
Q1+7 qusz’y

which gives us what we need, or else the second option in the statement of the lemma

’Cj

occurs, that is there is some nonzero vector b € Z? with |b1] < |b2| < Q7, and a € Z
so that

101G+ b2G2 +a| < Qll o (2.25)
that is
G2 + C1 + |b1\Q1 ot (2.26)
Now choose an integer )1 so that
205 < Q< EQH‘W (2.27)

which is possible if 0 <y < 1/15 and @ >, 1
Using Dirichlet’s principle, there is some 1 < ¢; < @1 and an integer a’ € Z so
that

1
. 2.28
’(1 a Q1Q1 (2.28)
Define ay,as € Z by
ap = a']bQ\, —a9 = j:(bla’ + aql), q= q1|l)2]. (2.29)

We claim that these satisfy the statement of the Lemma. Indeed, by (2.28) we have

1
q1Q1

/

‘Cl—* —‘C —qf
1

(2.30)
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and due to (2.27) we have, since ¢ = q/|ba| > ¢Q~7, that
1 < 1 - 1 < 1
0@ 2qQ:ts 2q§Q%+%” T 2q2Q:

(2.31)

giving |G — U < . Moreover using the small linear relation (2.26) between

2 2Q +’7
¢1 and ¢y and replacing ¢; by a1/q = a'/q1 we find
b1 a a
|l B
)C @t bagr by
a |b1| ‘
< e -
<Jer+ g+ |+ il -
< 1 + 1
02|Q27 Q1
Now since ¢1 < Q1 < %Ql_GV we have
1 1 qf
bl—QWS T2y I1-2
|b2|Q bo|zQ1=27 2 QL2
1
2¢:Q>"" 232
and combining with (2.31) we get
1
o= Gl o
as claimed. O

2.6 Proof of Lemma 2.3.  Assuming that |(3| = max |(j|, we apply Lemma 2.5
to (Cl 2) to find 1 < ¢ < @ and ay, a2 € Z so that

GG
; 1
max G _ afj‘ <71t 1 (2.33)
=121G gl Qe
Set a = (a1, az,q) then |a| ~ ¢ and
- 1_ 1 1
‘C_C37a‘< 11 N T . (234)
q 2Q21  al2Q2t
Since for any pair of nonzero vectors ¢, d we have by the triangle inequality
¢ d|_.i-d
é—j\gzwa | (2.35)
] 4| ¢l
and hence also
’ !a! a2 Q=+

Thus we have found a satisfying (2.17), (2.18), completing the proof of Lemma 2.3.
O
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3 The Fourier Transform of Surface-Carried Measures

Let ¥ C R3 be a real analytic surface with non-vanishing curvature and p € .
Applying a rigid motion, we may assume p = 0 and X locally parametrized around
(0,0,0) by a map

(xlamZ) = ($15x27¢($17x2)) (31)
where ¢ is real-analytic on a neighborhood of (0,0) as has the form
(1, 29) = a123 + asx3 + Z a3 Tt xg (3.2)
a+5>3

with
a #£0, ay#0, |aggl < C*F

Distinguishing the case ajas > 0 (positive curvature) and ajas < 0 (negative curva-
ture), we need to consider the two models

B2, 29) = 23 + 23 + Z a3 T acg (3.3)
a+p23
and
(1, z2) = 27 — 23 + Z szt :cg (3.4)
a+B>3

Denote by o the surface measure of 3. Let ¢ € R? (€| large) and evaluate the
Fourier transform

/ o (de) = /ei(zlgﬁmgﬁd)(xl’zz)&)w(x) dzy dzy (3.5)
3 (local)

where w is some smooth function supported by a (small) neighborhood of (0, 0).
The critical points of the phase function satisfy

{ §14+01d(x)6 =& + (221 + D, 1 553 aaapr] 25)Es =0
€+ 020(2)Es = & + (2602 + Yo pog Baagrie] ez =0

where € = £1 depending on whether we are in case (3.3) or (3.4).
It follows that in supp w there are no critical points unless

€1, 62| < ¢|&5] (3.7)

(c a small constant, depending on supp w).
If (3.7) there is a unique critical point
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where
271+ ) 01 >3 aaapry el = _%,
wyfl_ & (3:9)
263)2 + Ea_'_ﬁzg ﬂaa[gl'l ZL‘2 — _g
and |ans| < COH5.
From the stationary phase formula (see [GS77], Ch. 1)
2T xig e 1
3.5) = 2 % sign H(w(©) c@©)+0(igz) a0
9= e aec(a)p < O\ee) 10

where H(x) is the Hessian of ¢ at x, sign H is the signature of H and
P(&) = (&1 + 22(§)& + d(w1(€), m2(£))E3

B0 ey {21 ()016(2(€)) + 22(6) D2 (2(E)) — (x1(€), m2(€))}. (3.11)
y (3.3), (3.4)

2+ Sarpssala— 1) aggas 2 ) > argss afaggattay !
a2 a>1,6>1
H(z) - 1,.6-1 B2
Y. a+f>3 afaag ] Ty 2¢ + Y a3 B(B — 1) anp ¢ 4
a>1,351 5>3
(3.12)

and hence sign H = 2 (resp. 0) for positive (resp. negative) curvature.
As will be clear soon, the error term 0(|¢|~2) will be harmless in our analysis in
the restriction problem for T3-eigenfunctions. The relevant contribution will be

cit(€)
€]

coming from the main term. It turns out that the decay factor % is barely insuf-

(3.13)

ficient to ignore the oscillatory factor e, In order to exploit this factor, a more
careful analysis of the phase function () is necessary.
Returning to (3.9), (3.11), we obtain by the implicit function theorem (recalling

(3.7)).
z1(§) = _2% + Za+ﬁ>2 becs (%)a <%>ﬂ
22(6) = e + Tarpacos (£) (2)’
and

be) = (51 ) S daptgef el (3.14)

53 a+(>3

(|ba,ﬁ|7 |Caﬁ|'|dozﬁ‘ < COH_/B)'
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Thus 9 () is homogeneous of degree one and hence V(&) is radially constant and
D*)(XE) = $D*(€). The self-adjoint matrix D?y)(€),£ # 0, has ¢ as eigenvector
with eigenvalue 0.

From (3.14)
1
—5= 0 0
283
DW(E) =0 -3 0 +0<|€1|g;|§2‘) (3.15)
0 0 0 s
and by (3.7), we conclude that the other two eigenvalues of D?)(¢) are of size ~ %
with same or opposite sign depending on e = 1, —1.
Hence
1
D*)(€) = EPEAP& (3.16)

where A is a self-adjoint operator (depending on é—|), acting on ¢+ and with eigen-

values bounded from above and below (with same sign for e = 1 and opposite sign
for e = —1).

4 Spherical Restriction of the Phase Function
Let ¥ (&) be the phase function obtained in Sect. 3 and
S =52={xecR3 |z|=1}.

The domain of definition of v is a cone Z = {|&1], [€2] < ¢/|&3]}, with ¢ > 0 a small
constant, and v is real analytic on Z.

Subcones Z' = {|&1], |&2] < ¢|€3]} C Z, ¢ < ¢, will also be denoted by Z. We will
need a normal form analysis of the function ¢(x — y) with x, y restricted to S.

open . . .
LEMMA 4.1. Let p : O C R? — C be a real analytic parametrization of a cap

C C S such that C N (£ + Z) is connected for all ¢ € C.
Let a,b € O,a # b such that p(a) — p(b) € Z. There are real analytic coordinate
changes « (resp. [3) on a neighborhood of a (resp. b) such that

Y(p(a+a(@) —pb+By))) = f@) +9W) + 21y + 2210 + h(z,y)  (4.1)
with f, g, h real analytic, h(z,y) = 0(|z|?|y|?) and h # 0.

Proof. (i) Letting n = p(a) — p(b),n = %, it follows from (3.16) and curvature that

the quadratic form

1
2
DA(0) = Py AnPy:
is non-degenerate on (T, — p(a)) x (T, — p(b)) where T, (resp. Tp) is the tangent
space at p(a) € S (resp. p(b) € S), as in Fig. 1.
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c

- BT N

Figure 1: Tangent spaces in a cap

1%
wo+ 2
wy +
wy
p(b) = wo

Figure 2: A neighborhoood of p(a)

Performing coordinate changes «, 8 in x,y separately, we can therefore obtain
the form (4.1) with h(z,y) = 0(]z|?|y|?). It remains to show that h does not vanish

identically.
(ii) Assume that A = 0. Then

(p(a+a(x)) —pb+By)) = f(@) + g(y) + 151 + 292 (4.2)

for x,y in a neighborhood of (0,0) € R2.

Define f,(v) = (v — w) where w € S is in a neighborhood W of p(b) and
veESN(w+ Z). It follows from (4.2) that there is a neighborhood V' of p(a) in S
(Fig. 2) such that

dim[fy|v;w € W] < 4. (4.3)
Take dp > §; > -+ > 4 and points p(b) = wp, w1, ..., ws € S in W satisfying

B(wiy1,6i11) C B(w;, 6;) N (w; + Z).
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B(w?,, d3) ns

Figure 3: The negative definite case

From (4.3), we may assume fy,| a linear combination of f,|v (0 < i < 3).
Hence, invoking real analyticity, it follows that f,, is a linear combination of f,, (0 <
i < 3) on ﬂ?zo(wi + Z)NS. Since the functions f, (0 < i < 3) are smooth on
B(wy, d4)NS C ﬂf’zo(wi+Z), it follows in particular that f,, is smooth on B(wy, d4)N
(wg + Z) N S. Hence, taking u € B(wy, d4) N (wg + Z) N S, it follows that

1

9

restricted to T, — u, is uniformly bounded for u € B(w4,d4) N (ws + Z) N S.
Thus for ¢ as above and 0, € Ty, — u, |0| =1 =[],

(AP:0,&) = 0(/¢]) (4.4)

D?i)(u — wy) = PCJ.A‘%'PCJ_, C=u—wy

where A = A ¢ .
i<l
We show that this is not the case.
If A is positive definite, take § = & € ¢+ N (T, — u), |0 = 1. Hence, from (4.4),
1~ (A6,0) = 0(|u — wyl). (4.5)

Letting © — w,4, we obtain a contradiction.

If A is negative definite, proceed as follows.

Fix ( = u — wy and let w) vary in B(ws,d3) NS such that v/ = w) + ( €
B(ws, 63) N S. Hence w), varies over an arc of size ~ 3 (see Fig. 3). Let

0 €t (Ty —u) =N (Tu, —wl), 0] =1
From (4.4)
(A0",0") = 0([¢)) (4.6)

where A does not depend on w) and 0 also varies over an arc of size ~ 3. Thus the
left side of (4.6) can be made at least ~ d3, independently of ||, a contradiction.
This proves Lemma, 4.1. O
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LEMMA 4.2. In the situation of Lemma 4.1, we may choose a,b € O, p(a) —p(b) € Z
such that in (4.1) the function

h(z,y) = 2{Qu1(y) + z122Q12(y) + 23Q22(y) + 0(|z[*[y|* + [«[|y[>)  (4.7)
where the Q;;(y) are quadratic forms, not all zero.

Proof. Start with (4.1) with h(z,y) = 0(]z|*|y|?), h # 0. Taking a sufficiently small
§ > 0, it follows from the mean value theorem that on B(0,§) x B(0, ), B(0,6) C R?

2 292
since 920yhly—o = 0.
Similarly for 8x8§h.
It follows that there are Z,4 € B(0, ) N R? such that
1920, 1) (2, )| + 11(0:05h) (z, 5) | < d1|(9205h)(z, 7)|| < 1. (4.9)

Setting x = =+ Az,y = g+ Ay in (4.1), we obtain after a linear coordinate change
in Ay

1/)( (a+ax+A:v) (b+ﬁy+Ay)))
= f(Az) + §(Ay) + (Az)1(Ay)1 + (Az)2(Ay)s

+ kZ kO, 00 ) (2,7 (A (A); (D) (4.10)
+ A’j}’kz_léCz’jk(ﬁxﬁyjykh)(x,y)(Ax) (Ay);(Ay)x (4.11)
* jZ ikt Diz; Oy 1) (7, 9) (A2)i(Az) j(Ay)n(Dy)e - (4.12)
+87E{Z£;!;’|2Ay! + Az |Ay[®) (4.13)

+0(| Az’ |Ay[” + [Az?|Ayl*)

where (4.10)—(4.12) satisfy (4.9).

We eliminate the 0(|Axz|?|Ay|)-terms in (4.10), (4.13) by a coordinate change in
Az and then the 0(|Az| |Ay|?)-terms by a coordinate change in Ay. Since the new
quartic terms introduced by these coordinate changes (in fact only the first) have
coefficients at most

0([l(920yh) (@, 9)II-1(0:05h) (2, 7))
< 8]|0205h(z, )|

by (4.9), the resulting expression will clearly still have a nonvanishing bi-quadratic
term. This proves Lemma 4.2. O
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Denoting Fy4(z,y) = ¢ (p(a+a(z)) —p(b+B(y))) with h(z,y) in (4.1) satisfying
Lemma 4.2, it follows that the Wronskian

00,0y, F 04,0y, F 04,04,y F
cmax Wik e(Fap)(0,0)= max | 05,0y, F 05,0y, F 03,0y, F | (0,0) #0
bR =L L G e O F Opw O F O, Dy, F
(4.14)
Note that property (4.14) does not depend on the parametrization. Thus
max Wijre(a,b) = max Wj ;o (1/1 (p(l‘) - p(y)))(a, b) # 0. (4.15)

Invoking real analyticity, we obtain

LEMMA 4.3. With previous notations, the set

{(1’7@/) € 0 x O;p(x) - ply) € Z; max Wije(z, y) = 0}

2,7,Ry

is at most a 3-dim submanifold.
Also, for 61 > 6 > 0 small enough and considering a partition of O in d-boxes
Q., we have

#Wis, = #{ (2,00 (p(Qu)~p(Q)NZ 40 and i [Wine(o,)] <61
< 55 o

(4.16)
(for some constant c; independent of d1).

Fix o # [ such that p(Q.) — p(Qp) C Z and (a, ) not in the exceptional set
W = Wss,. Let Qo = aq + Uy, Qp = ag + Ug where Qn, Qs C O and U,,Up are
d-neighborhoods of (0, 0).

Appropriate coordinate changes in x, y permit to bring w(p(aa +x)—plag+ y))
in the form

F(@) + g(y) + 2191 + 2292 + 21Q11 (Y) + 2122Q12(y) + 23Q22(y)
+ O(z[y*(|=] + ) (4.17)

with

max Qi > 61. (4.18)
4,7=1,2

Next, we show
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LEMMA 4.4. Further linear coordinate changes in x and y provide an expression of
the form

f(x) + g(y) + 2191 + T2yo + 21y}
+O((|m2] || + lyz!| ) (x| + [y))? + [=*y[*(|z] + y])) (4.19)

with |q[ 2 01.

Proof. With a a parameter to be specified, make a linear transformation
T (21,22 + ar) y — (y1 — ayz2,v2)
preserving the quadratic part of (4.17). We obtain

fi(x) +91(y) + z1y1 + z2y2 + x%Qn(m — ay2,Y2)
+ 21 (22 + ax1)Q12(v1 — aya, y2) + (2 + ax1)?*Qoa(y1 — ays, y2)
+O(lzPlyl* (=] + [y))

with bi-quadratic part
21[Q11(y) + aQia(y) + a®Qia(y)] + 0(|a2| 2] |y[*) (4.20)
where
Qi (y) = Qij(y1 — ay2, y2)
satisfies, by (4.18)
max | Q| > o1 (4.21)
27‘7
Clearly there is some a = O(1) such that
Q]| = 1@ + aQls + a’Qbs |l Z 1. (4.22)
Thus after this first linear transformation, we get
fi(x) + 91(y) + 211 + waye + 27Q (y1, 2)
+O(Jza| 2] |y + [yl* (|| + ly])) (4.23)
and
Q' (y1,52) = quyi + qay1y2 + 42295
satisfying
max |¢;;| Z 61 (4.24)
Z7j
Next, make a second transformation

x — (x1 — bxa, x2) y — (y1,92 + by1)
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with b = O(1), converting (4.23) to

fa(x) + g2(y) + x1y1 + 2202
+ (21 — bz2)*[q1ys + qrav1 (Y2 + by1) + qa2(y2 + by1)?]
+ O (|2l [2| ly]* + [2*y[* (=] + |y]))
= fo(@) + g2(y) + 2191 + 222 + 277 (@11 + barz + bg22)
+ O (Jza] =] |y* + lyal [yl 12 + |2 |y* (J=] + |y]))- (4.25)
By (4.24), we can choose b such that

lg| = |q11 + bqra + b2 qaa| 2 61
This proves Lemma 4.4. O

5 Estimation of Certain Oscillatory Sums

Let E = R%? € Z, be the eigenvalue.
In the preceding Sect. 3, we take § = R with ¢ > 0 a small constant and 6, = /6.
Our purpose in this section is to establish nontrivial bounds on sums of the form

Z e RlY(p(aatz)—p(as+y))] (5.1)
zeX,yeY

. 1
where X C U,,Y C Ug are discrete sets of T

are 0-neighborhoods of (0,0)). The sets X, Y will correspond to diffeomorphic images
of subsets of £ = RS? N Z? as we will explain in Sect. 7.
Our aim is to prove an estimate

(5.1)] < R*™® (5.2)

-separated points (recall that Uy, Ug

for some xk > 0 (independent of R).
The bound (5.2) will be derived from the following 1-dimensional inequality.

LEMMA 5.1. Assume S,T C [0, R_%] arbitrary discrete sets of ﬁ—separated points

and 0 < |g| < 0(1). Then

’ Z eiR(St+qs2t2) <R§—m’q‘—l (53)
seSteT

for some constant k1 > 0.

Lemma 5.1 will be proven in Sect. 6. In this section, we derive (5.2) from (5.3).
According to Lemma 4.4, we may assume for z € U,,y € Ug

¥ (plaa + ) = plag +y)) = f(x) + g(y) + 2151 + 2292 + qxiy}

+O (a2l 2] + ly2l [y (|| + [91)*) + O(l=*ly[*(|z] + [y])) (5.4)
where |q| > 6.
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In order to reduce the problem to a 1-dimensional setting, a further restriction
of the range of the z, y-variables will be performed.

Let T € Uy,y € Ug and © = T+ 2/,y = § + ¢ with 2,y suitably restricted.
Write

Y(plaa + T+ 2") —plag+5+Y))

= ¢ (plaa + ') — plag + 1) +sz (5., +Zyg (z,9,2',y)

7j=1
5.4

((|$2\ |2’ | + sl 1y D2+ 1P + [Pl 1P| + 19'])
2
+> B A(Z, 5,2, y) +Zyg (z,9,2,9).

(5.5)
7j=1

Perform coordinate changes in 2’3’ separately (as described in Lemma 4.1)
1
{ = é’;(x”) (5.:6)
) :
/=
in order to bring (5.5) in the form

b(plaa+z+¢0") = plag+i+CY") = fila")+ai(y")+a"y"+h(z",y")

(5.7)
where
A" y") = 02" Ply" ).
Clearly Cw i (2) ; depend real-analytically on 7, y.
Also, since \:U| ]y\ <6

1 _ _

by(@”) =" +0((2| + [g])]") 55
2 B B :
Gty =y" +O((zl + lahly")

are d-perturbations of identity.
Returning to (5.5), it follows that

h(z",y") = a(@)*(y)? +O (23] " | +1yg | [y D 12"+ |y ) +12" Py (|2" | +]y"]))
O((lzl +1ghl="1?ly"1?)
=" (@) (W)? + O((I=5] 1| + Ly 1" D (12" * + 1y"%))
+O(Iz"Ply" (12" + 1y"]))

where ¢” = ¢ + O(6), hence |¢"| > $|q| = 61
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Thus

(5.7) = f1(@") + g1(y") + 2y + 2yl + " () (y1)?

+O((lag] "] + lyz | 1y"]) (=" * + |y )

+O((|2" +1y"1)°)- (5.10)
Fix a small parameter 7 > 0 and denote
B=[0,R 5 "] x[0,R"z7]. (5.11)
If we restrict " € B,y" € B, clearly
(5.10) = f1(2") + g1 (y )+x’1’y’1’ +q" (1) (y1)?
+ORY 4+ R s 4 RO, (5.12)
Hence, returning to (5.1)
S e (plaa+a+¢Y (@) ~plas+5+¢2 (v")))
x//7y//eB
(oy(a)eX—z
(2)( ”)EY 7
< Z (") d(y") e v+ (@) w)?)] (5.13)
x// y//eB
(1) ("E”)GX 7
(2)( //)EY 7
(5.14)

+O(R™ X n[¢y(B) + |- |y N [¢¥)(B) + )

with Je(2")| = |d(y")| = 1.
-separated points. Hence also the elements of

Recall that X,Y consist of \/1§
()y-1 X — ) and (2)y-1 Y —y) are ~ i—separated. From the definition (5.11
T,y \/E

of B, it follows that

S =m[BN (Y X - 1)

T =m[BN ()Y - )]

are ~ ﬁ separated.
Assuming a general estimate (5.3) (k1 > 0 some fixed constant) at our disposal

we can therefore conclude that
1 1 3
(5.13)] < R™™1+5 — 7 < R 2fF5 (5.15)
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In conclusion, we obtain from (5.13)—(5.15)

Z o RY(P(aa+a)—plas+y))

zeXN(z+¢) (B))
yeYn(y+¢%)(B))

SETIX O (@G B)HY 0 (5+G3 (B) |+ RT3 (5.16)

Recall that € Uy, y € Ug were arbitrarily chosen.
Integration of (5.16) in = € Uy, y € Ug gives

Z szJ(P(anrx) —plasg+y)) // 1_+C(1) 1_+C(2>(B)( )]d(i’dﬂ

rzeX,yeY UaxUs

SR Y //[1+C<l)(3)() src (mWdzdg o+ B2 (5.17)
re€XYEY (U, xU,

Next, we analyze the expression { }.
For fixed x,y, consider the equations

T+ ")
y=y+ @z,g(y ")
with 2", y"” € B. Note that by (5.8)

(5.18)

192G ()] + 185055 ()] + 185655 (4| + 195655 ()] < O(la”| + [y"]) < R™5.
Hence, by the implicit function theorem, (5.18) may be rewritten as

('ﬁ Zj) = Qz,y@:”a y//) (5.19)
where €, , is a diffeomorphism from B x B to Q, (B x B) C U, x Ug (recalling

again (5.8)).
] ety i@y iy o

‘We have
U, xUg
[/dMy

Q. (BxB)

- [

BxB

my’ d "dy". (5.20)
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It follows from (5.18) and the preceding that

0T 8C%) _1/| 0% oy
57 = o O (|50 +|527))
and hence
ozT 1
D =—-14+0(5)+O(R 5). (5.21)
Similarly
oz 1
By =0O(R™5) (5.22)
837 1
9 =0O(R™5) (5.23)
oy 1
G =—-14+0(5)+O(R 5). (5.24)

From (5.21)-(5.24)
DQx,y =-1 + O((S)

implying
i 2)
agzi%’, S;jf;/) — 14+ 00)
and
(5.20) = w(z,y)|B* (5.25)
where
w(z,y) =1+ 0(0) (5.26)

is a smooth function of x, y.

Substituting (5.20), (5.25) in (5.17) gives
Z eiRw(p(aa—l—x)—p(ag—i-y)) w(a:,y) < R—27|X| . ‘Y’ +R2—%m+47— (5.27)
rzeX,yey
recalling (5.11).

It remains to remove the function w(zx,y) in (5.27).
First observe that (5.27) formally implies that

> et e e yu(ay(y)| < RTIX Y] 4 R

zeX,yeY

(5.28)

whenever u, v are functions on R? satisfying |u| < 1, |v| < 1.



904 J. BOURGAIN AND Z. RUDNICK GAFA

Since w is a smooth function of (x,y) satisfying (5.26), it follows that % €
L°QL™®, thus = = S\(ug @ vg) where [|ug||oo, [[ve]loo S 1 and |A| < C. Hence, by
convexity, (5.28) implies

Z e R (p(aata)—plasty) | < R=27| X| . |V | + R~ 5™ (5.29)
zeX,yeYy

taking 7 > 0 small enough.

This gives an inequality of the type (5.2). The sets X C U,,Y C Up are arbitrary

sets of \}E-separated points.

Returning to (4.16), we proved that if X, Y are ﬁ—separated points in O, then

3 dRE@ W) < RTX N Qul Y N Qg + RZE (5.30)

zeXUQ.
yeEYNQp

provided (o, B) € W = Ws;, and p(Qn) — p(Qg) C Z. Here 7,k1 > 0 are constants
and 6§ = §? = R, e > 0 sufficiently small.
Summation of (5.30) over «, 3 gives

> Y @) < g2y GTART M < 2R (5.31)

P(Qa)—p(Qp)CZ |2€XNQ0
(c,B)gW yeYNQps

Recalling (4.16), it follows that

Z @) —pW)| < R2-r2 4 57434 max | X N Bs| max |Y N By|

rzeX,yeY
p(z)—p(y)eZ

< R 4 53 R?
< R¥ s (5.32)

. . . 1
since the points in X, Y are \/E-separated.

Equivalently, considering sets X,) C RS? consisting of v/R-separated points
and such that X U ) is contained in a cap of size cR (¢ > 0 a constant depending
on ¥) we have

> @Y < R¥Hs, (5.33)
reX yeY,x—yeZ

Thus (conditional to Lemma 5.1) we proved the following
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LEMMA 5.2. Let X, C RS? consist of \/R-separated points. Then

> V@) <« REY (5.34)

zeX yey
r—yE€Z,|Jz—y|<cR

for some ¢ > 0,7 > 0 depending on 1 (hence on ).

6 An Exponential Sum Estimate

We prove the key inequality Lemma 5.1.
Let R be large enough, 0 < |¢| < O(1) and S, T C [0, R~ 5] arbitrary discrete sets
of ﬁ—separated points. Denoting

S — Z eiR(st+q52t2) (61)

seSteT

application of the Cauchy—Schwartz inequality twice gives

|6‘4 < |S|2’T|2 Z ez’R((s—sl)(t—t1)+q(52—sf)(t2—tf)

$,81€8
tt €T

7 3/52111)1 1/522’1112
= |SPPT[? |y et mntatt el () (w) (6.2)

zZ,w

where z = (21, 29), w = (w1, w2) and y, v are discrete measures on [—1, 1]? defined by

u(z) = #{(s, s1) €5 xS } sosm=hen } (6.3)

54— 57 = ngzg
and similarly for v. Thus

Z w(z), Z v(w) < R, (6.4)

Fix0<0< %. Since S is \}E—separated

> ulz) <|S|Rw 7 < RYSO (6.5)
‘Zl|<R’9
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and similarly for v. Hence in (6.2),

Z IR Pzt Pz wal ()

ER)
- Z G Pzt a R zwa] )y ()| O(REY). (6.6)
o1y | > R0

In order to bound the RHS of (6.6), we apply the following general bilinear estimate.

LEMMA 6.1.

S ()t () (S viw)’

Joen (o (o) o (o))
[ (o) 2 o))

Proof. Denoting P. an approximate identity on R, the left side equals

Z ei(RlZ1w1+R2z2w2)u(z)y(w)

zZ,w

Rows)v(w) (u #(Py ® }%))A (Riwy, Rows)| v(w)

st ([ (g 0P ) e e v (B (61 ) B (s ) ) deas
1 1 2 1/2
< (R e (Py © Py )l {// v(5(ag) <8 (ag)) d&d@}

_1
< (RaRo) Hlux (Py @ Py )lollv x (Py @ Py )l (6.7)

where || ||2 refers to L?([—1,1]?).
Next

g5 (P X P2 < [l (P%1 X P;%) 12110 % (PR% x PR%) 1%
% 1 1 1 %
- {Zu(z)] (R1Ry)? {m?xu (B (fl,Rl> x B (623R2>>:|
(6.8)

and similarly for v.
Substitution of (6.8) in (6.7) proves the Lemma. 0
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Now apply Lemma 6.1 to evaluate (6.6). Thus Ry = R3/5 Ry = qRY/>.
It remains to bound for & = (£1,&) € [—1,1]2, |&1] > R7Y, the quantity

f(o(om) (o m))

1
=# {(s,sl) €S xS; \R_%fl—(s —51)| <R~ and |R_§£2—(32 - s§)|<qR_3/5}.

(6.9)
From the equations, one gets
1 1 2 3 2 2
‘R—Egﬁ — (s+ 51)‘ <-R M4 R < SR
& q q
and
1 3 2

’R_E (51 + Z) - 23‘ < gR—EW. (6.10)

Since the elements of S are ﬁ—separated, (6.10) restricts s to at most gRﬁH values.
Hence

1 .
(6.9)] < aRﬁ”’- (6.11)

From Lemma 6.1, recalling (6.4) and (6.11), we obtain

1 1 1 1 11
6.6)] < (qRY):R¥5-Rict0 < — Rt 6.12
(6.6)] < ( ) . NG (6.12)
Hence
1(6.2)] < L R+, pi-o
S 7
and

|6‘4 S R6/5 <]‘Rié+9 +R§—9> )
Va
An appropriate choice of 6 gives
|| < Rsog 1. (6.13)

This proves Lemma 5.1 with k; = %. O
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7 Mean Equidistribution Property of Lattice Points
Let £ = Z3 N RS?%, R = VE. Recall that

€| < R™ for all £ > 0. (7.1)

In order to apply Lemma 5.2 with X, C &, we recall Lemma 1.5, which states
that

LEMMA 7.1. Let {C,} be a partition of RS? in cells of size v/R. Then

Z |CoNE? < RS foralle > 0. (7.2)

«

Thus (7.2) express the desired separation property in some averaged sense. To
obtain sets that are v/ R-separated, proceed as follows. Fix ¢/ > 0 and let

£ = U (ENCy).

|Can&|>Re’
It follows from (7.2) that
€1 <R Y JENC> « R < R 5. (7.3)
Also
s<Re'

with each set X' consisting of v/ R-separated points.
From (5.34)

> eWEY)| < R2Y (7.5)

reX,YEX,
1—yEZ, -yl <R

for some v > 0.
Therefore, from (7.1), (7.3)

Z Y| « 2T L 9lg!| (€| < RETE 4 p2te-% (7.6)

ze€i,yes
r—yeZ,|lx—y|<cR

if 51,52 CE&.
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Hence

LEMMA 7.2. There is a constant v, > 0 (independent of R) such that

Z eWE—y)| ~ R2—m
z€€,yes
r—yEZ,|lr—y|<cR
whenever £1,E C £ = (RS* N 7Z3).

This is our main estimate to handle ‘large distances’ |z — y| > R17¢.

8 Restriction Upper Bound

909

(7.7)

Theorem 8.1. Let ¥ C T? be a real-analytic 2-dim submanifold with non-vanish-
ing curvature and let o be its surface measure. There is a constant Kx, > 0 such

that

/ lp[2do < Kl
>

for all eigenfunctions ¢ on T?.

Let
w= Zanem'" with Z lan|> =1
nesé
and
E={neZ|n?=FE=R*.
Then

Z aman/ei(m")'xa(dx)

m,ne& 5

/ p[2do =
>

(8.1)

= ||| 3area(x) + > > Umin / e MTTo(dg).  (8.3)
b

k>0 m,ne€

2k <|m—n|<2k+!

Considering local coordinate charts, we can assume X is parametrized as in (3.1).

From (3.10), if m # n then

/ei(m—n)@’da — 1 n m-n e“l’(m—”) +0 ;
|m — n| |m — n| |m —n|?
>

with 7 a smooth function on S2.

(8.4)
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First we bound the contribution of the error term in (8.4) by writing

S e ol (D o)

m,ne€ 2k <|m—n|<2k+1 « meENC,,
<4 F(max|EnCal) > ( > |am|2)
¢ o} me&ENCy,
<47 Fmax|ENC,| (8.5)
(6%

where {C,} is a partition of RS? in cells of size ~ 2¥. Thus we need to bound
|€ N C,|, where C,. C RS? is a cap of size r.

If r < ¢cR'Y*, a Jarnik type theorem implies that £NC, lies in a 2-dim affine plane
H. Projection of H N RS? on one of the coordinate planes zy, yz, zz gives a non-
degenerate ellipse of size ~ r. Another application of the classical Jarnik theorem in
the plane shows that certainly

ENC,| < Cr/, (8.6)
For r arbitrary, one has the (easy) linear bound (see Lemma 2.2)
ENCy| < RE(1+7). (8.7)
From (8.6), (8.7) we get
ENC,| < rite. (8.8)

Substituting (8.8) in (8.5) gives 27¥(1=¢) which is summable in k.

Consider next the contribution of the main term in (8.4). We make two separate
estimates. The first treats the case 2% < R~ (g9 > 0 some small constant) and the
second 2¥ > R!'~%0. The following improvement of the lattice point estimates (8.6),
(8.7), which will be proven in Sect. 2 (Lemma 2.3), is crucial to our analysis: For
0<n<1/16

€N C,| <<R€(1+r<%>n>. (8.9)

The case 2F < R'~% Ignoring again the phase function, and arguing as in (8.5)
gives

1
> |am| |an| ——— < 27F max |€ N C,|
m,n€E 2k <|m—n|<2k+1 |m n‘ @
C2 sk if 2 < cR1/A

(8.10)

< Rg[z—k+ <%)”} if cRV/A < 2k <« Rl—=0

invoking (8.6), (8.9). These bounds are again conclusive.
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The case R'~° < 2% < R This requires a more subtle argument involving the
oscillatory factor e¥(»=™) in (8.4).
Let b be a smooth (radial) function on R? satisfying
b(z) =0 if [z| <3
b(x)=1 if|z]>1

and estimate

m-—n 1 m-—n )
mln b Wp(m—n) 8.11
mt <R1—€o>|m—n|’7<|m—n|>e (8.1

Decompose € = &[] &, where
E = {m € & |am| > R0},

Since Y, |an|* = 1, we have |&,| < R4,
Then we estimate

1
|(8.11)] < Z | ’an|ﬁ (8.12)
(m,n)E(EXEN(EaEL)
m-—n 1 m-—n :
mln b Wm=n)| 8.13
2 () g () (813)

By Cauchy—-Schwarz, (8.12) is bounded by
1 1
RI—EO RI—EQ
The term (8.13) is bounded using Lemma 7.2 and a partition of unity. This gives an
estimate of the form

€12 |&]z < R:toMR:—2%0 « R=%

1 1
Rl*&j R174Eg
if g9 is chosen sufficiently small.

Hence, we have proven Theorem 8.1. O

RCEU R2_71 < R_%’Yl

9 Restriction Lower Bounds
We prove

Theorem 9.1. Given % as in Theorem 8.1, there is £y € Z.4 and a constant ky, > 0
such that

/ lp[2do > ksll@ll2 9.1)
>

whenever ¢ is an eigenfunction with eigenvalue E > Ej.
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Let ¢ = 3, an€™ with € = RS2 N Z3, R = VE and Sja,|? = 1.

Write
/ lp|*do =
by

Z am(zn/ei(m_")wa(dz) (9.2)

mnee 5
\mfn\<R%

+ > (9.3)

\m—n|>R%

=(9.2) +(9.3).
From the upper-bound analysis in Sect. 8, we have
1(9.3)] < R (9.4)

for some § > 0.
Next, we analyze (9.2).
Introduce a graph G on £ defined by

G ={(m,n) € & |m —n| < R},
Let {€,} be the connected components of G.
LEMMA 9.2. For each «, the set &, is contained in an affine plane.

Proof. We may obviously assume #&, > 3 and hence there is a subset Fy C
Eu, #Fo = 3 and diam Fy < 2RY/5.

Let H = (Fy) be the affine plane spanned by Fp.

Write

Ea=JF
J
where

Fj1 = {m € & dist(m, F;) < R'/®}.

We show inductively that F; C H for each j.

For j < Rﬁ, dist (F;, Fo) < jRY® « RY* and Jarnik’s theorem implies that
Fj is coplanar. Hence F; C H. Next, assume jy > Rﬁ,}"jo C H and Fj,41 # Fj,-
If 2,41 € Fj,+1, there are clearly x € F;, and y, 2z € Fj, satisfying

|SU]'0+1 - 1:’ < R>s
and
x,y, z are distinct and diam {z,y, z} < RY®,

(we use here that #Fy = 3).
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Since diam {z,y, 2, jo+1} S R, it follows again from Jarnik that z,y, z, 41
are coplanar and hence
Tj,4+1 € (z,y,2) = H.
This proves Lemma 9.2. O
Returning to (9.2), it follows from definition of G that

0= 3w, [

« m,ne€y )
|m—n|<R'/?
. 2
:E ‘ E am ™" do
a5 me€,

|am| |an|
0 — |. 9.5
[y oy el 09
« m,ne€q
|m—n|>RY/®
The last term may be bounded by R_s%, as seen as follows. Estimate by
(9.5) < Z 2_k(mcax|{(m,n) € C x C;m,n € &, for some oz}|)5
2k>R1/5

where the max is taken over all 2¥-caps C. For C' an r-cap, (8.6), (8.8) imply that
{---} < |CNELmax|CNE| < riH2/3+e

hence the claim.
To prove Theorem 9.1, it will therefore suffice to show the following:

LEMMA 9.3. Let ¢ = >z ame™", > rlam|* = 1, where F C & consists of
coplanar points. Then

/Wda >k (9.6)
by

where k > 0 is independent of E.

Proof. Let H = (F) be the plane containing F and 7 the orthogonal projection on
Hy=plane parallel to H through 0. Clearly, fixing any element mg € F, we have

2 2
ameimm do = amei(mfmo).m
s s

do
5 5 ImeF

_ / S apeim-mo (o)

5 ImeF

2
do. (9.7)
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Let w[o] be the image measure of o under the map 7r|E : ¥ — Hp. Since ¥ has
non-vanishing curvature, there is a disc B, C Hy (p-independent of Hy) such that

wlo] = w8, (9-8)

where pp, is a Lebesque measure on Hy. Hence

(97) 2/ Z amei(mfmo)-y

B, meF

2
dy. (9.9)

Since F C RS?> N H, Fy = F — my lies on a translate of some circle
{z € Ho; |z| =7},r <R.

Let ro be sufficiently large (to be specified later).

We distinguish two cases.

Case 1: r < rg
Since Xperame’ ™m0V is a nonzero trigonometric polynomial with frequencies
|m — mg| < 1o, it follows that

(9.9) > C(p,ro). (9.10)

Case 2: r > 7.
By Jarnik’s theorem,

Fo=J 7%

where #F, < 2 and dist (Fy, F3) = r'/3 for a # 3. Let n be a smooth bumpfunction,

supp 7 C B,. Then
E amei(m—mo).y

(9.9) > /
meF

= Z/ Z e (M M0)-Y
« meF,

+ Z aman / )Y () dy (9.12)

n(y)dy

2
n(y)dy (9.11)

azp
meF,,nEFs
and
Cl(p) C(p)
12)] < A lan . 1
0125 3 fanllenl =2 < 5 (913)

|m—n|2rt/3
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Since #F, < 2, arguing as in the proof of the case d = 2 (see the Introduction),
we have for each «

/

2

Z amei(m—mU)-y

meFa,

y)dy > c(p Z | |2 (9.14)

meF,
and thus

(9.11) > c(p) (Z m?) — c(p). (9.15)

From (9.11)—(9.15)

O 2eto)

To 2

(9.9) > c(p) -

for appropriate rg. O

This concludes the proof of Theorem 9.1.

10 Intersection of Nodal Sets with Submanifolds
We start by recalling the following result from [BR11a.

Theorem 10.1 ([BR11a]). Let Y € T? be a real analytic, codimension one, hyper-
surface with nowhere-vanishing Gauss curvature. Then there is some Fy; > 0 so that
if E > FEx, then X cannot be part of the nodal set of any eigenfunction g with
eigenvalue E.

The reader is referred to [BR11a] for a discussion of this phenomenon. Our aim
here is to prove a quantitative version. Denote hs(A) the s-dimensional Hausdorff
measure of the set A.

Theorem 10.2. Let ¥ be as above, E > Ey; and pg an eigenfunction of T with
eigenvalue F. Let N denote the nodal set of pr. Then

hg—2(NNX) < CsVE. (10.1)

Recall at this point also the Donnelly—Fefferman theorem, stating that if M is a
real-analytic d-dimensional manifold and ¢ an eigenfunction
—Ayp = Fp, A the Laplacian of M, then the nodal set NV of ¢ satisfies

hg_1(N) < CVE (10.2)

where C' = C(M). See [DF8S].

As in [DF88|, we will establish (10.1) combining Jensen’s inequality and Crof-
ton’s formula. Of course, an additional ingredient is needed, namely some type of
lower bound on the restriction ¢|s.

First recall some basic facts on one-variable analytic functions.
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LEMMA 10.3. Let f be a bounded analytic function on the unit disc D = {|z| < 1}.
Let a € D1 = {|z] < 1} such that f(a) # 0 and denote v(D1) the number of zeros
of f on D1 Then

v(D1) < C(|log|f(a |\+10gsup|f( )D)- (10.3)

2

H

Hence

LEMMA 10.4. Let f # 0 be a real analytic function on [— 55 ;] with bounded

analytic extension to D. Let v be the number of zeros of f. Then

v<C < er[n,irf;] ‘ log ]f(x)]‘ + log [sup \f(z)]) . (10.4)
z€[~33 zeD

LEMMA 10.5. Let f be as in Lemma 10.4. Then

1

/ | log | f(2)||dz < C min |log|f(a)H + log [sup 1f(2)] + 1] : (10.5)
‘IED% zeD

Lemma 10.3 follows from Jensen’s theorem and (10.5) is easily deduced from
subharmonicity of log | f(z)|.
Lemma 10.5 generalizes to real analytic functions of several variables.

LEMMA 10.6. Let f # 0 be a real analytic function on [—
bounded analytic extension f to the polydisc D™. Denote

M= sup |f()] +1.
zeD™

,%]m, m > 1 with

N[

Then

/ llog]f |dm<C<m1n llog]f ’—HogM) (10.6)

]m

[,

=

)

=

Proof. Fix a € DT'. From (10.5) applied to the function f(, ag,...,am), we get
/ )log|f(x1,a2, . ,am)|‘dx1 < C| log|f(a)|‘ + C'log M. (10.7)

2

Next, fix |z1] < % and apply (10.5) to the function f(:vl, a3, ..., am). Hence

/ ‘log|f(x1,x2,a3,...,am)Hdacg < C‘ log]f(xl,ag,...,am)]‘ +ClogM. (10.8)
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Integrating (10.8) in 27 and using (10.7) gives

1

//‘log|fx1,x2,a3,..., |‘dx1d:c2<0‘log|f )|| + Clog M. (10.9)

Iteration yields (10.6). ]

LEmMA 10.7. Let f be as in Lemma 10.6 and

2= e[ LA =0}
Then

hm-1(Z) < C <m1n ‘log|f )| +logM> (10.10)

Proof. For m =1, (10.10) follows from (10.3).
For m > 1, we use Crofton’s formula

hin1(Z) ~ /[#(er)]dﬁ (10.11)

L

where £ ~ G, 1 x R™ is the space of affine straight lines /.
Fix { € L{NZ # ¢ and let £ = b+ RED € [—4,1]™ |¢] = 1. Denote I the

202
interval [ = {x € R;b+ x€ € [—-3,3]™}. Let

g9(x) = f(b+ x§)

which is real analytic with analytic extension § to {z € C;dist(z,]) < 1} bounded
by log M. Lemma 10.4 implies

#Z Nt < 3H{x € I;9(x) = 0}

<cm1n’10g]g ’—l—ClogM

<c / |log | f(z)|| + Clog M. (10.12)

Zﬂ[-%,%]’”

Integration of (10.12) over £ and invoking Lemma 10.6 gives
hm-1(Z) <c¢ / |log | f(2)|| + Clog M < (10.10)
4

proving Lemma 10.7. O
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Proof of Theorem 10.2. Let p : Q — X be a real analytic parametrization of 3
where @ is an (d — 1)-dimensional interval. Thus

NNY=p({z e Qp(p(x)) =0}).

Since p(z) = pr(x) = z o(&)e(x.£), the analytic extension
§eZ, )P =E

B(21,.,2a) = Y p(e(z1.81 + -+ + 2dba)

of ¢ to the polydisc Dg obviously admits a bound
3| < B2e2VAIVE = £f (10.13)

(assuming ||¢|l2 = 1). Thus ¢ o p has an analytic extension to a complex neighbor-
hood of @), bounded by M.
From Lemma 10.7

ha—2(N NX) ~ hq_s[z € Q; p(p(x )) = 0]
<crrém|log| pop)” H—FC\/» (10.14)

where Q € C%1 is some complex neighborhood of Q.
For d = 2 or d = 3, our restriction theorem (lower bounds), assuming E > E¥,
implies

max]go )| = /|<p| do | >ecx (10.15)

therefore
log E 2 log ¢ (p(a)| > —c

for some a € Q.

For general dimension d, we do not have at this point a lower bound of the type
(10.15). However, the proof of the result in [BR11a] cited in the beginning of this
section, which uses the complexification (¢ o p)~, implies in fact that for £ > Ex

max| (g 0 p)~(a)] > B~ (10.16)
acq@

where C'is some constant. Hence (10.14) can be applied to obtain (10.1). This proves
Theorem 10.2.
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REMARK. Theorem 10.2 should be compared with results in [TZ09] (d = 2). Using
the [TZ09] terminology, a real analytic hypersurface ¥ C T¢ with nowhere vanishing
curvature is ‘good’ in the since that

max ||
S VP (10.17)
lell2

for p = g, E > Fy.

The remainder of this section deals with the converse phenomenon.
We show for d = 2,3 that if ¥ C T? is as above and E > Fy, ¢ = ¢p an
eigenfunction with nodal set N, then

NNX#¢.
For d = 2, there is a more precise statement.

Theorem 10.8. Let ¥ C T? be a real analytic curve which is not geodesic. Let
E > Ex, and g an eigenfunction with eigenvalue E and nodal set N. Then

B2 <#(NNX)<CE: forall ¢>0. (10.18)

Proof. The upper bound follows from (the proof of ) Theorem 10.2, noting that since
Y is not a straight line segment, there is ¥’ C ¥ with non-vanishing curvature. For
the lower bound, we can replace X by ¥/ and proceed as follows.

Fix p = % — g¢ and decompose

E:UEa

asSEr

in arcs Y, of size E~°. From the lower bound (|[¢]l2 = 1)
ey = / lp2do = Z/ lo2do (10.19)
5 ¢ 5,

and the upper bound ||¢||s < E° for all € > 0, one easily sees that

#HF =#1{ / lo[?do > cE~P % > EP~¢ for all € > 0. (10.20)

Za

For o« € F

E—P
SOHOO.

/ |pldo > g (10.21)
e
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/goda =0 (HZ”;) (10.22)

we can conclude that N N X, # ¢.

Let & = {£ € Z%[¢]* = E} and ¢ = Beeep(§e(a - €), [lpll2 = 1.
Fix 1 > 0 a small number and define

Hence, if

Fi = {a eF; rgmgﬁﬂ > E2" for all tangent vectors { of Za} . (10.23)
€

Clearly
e

HF\F) S (#E) oy < 2073

and
1
#F1 > 5(#]—“) > EPE (10.24)

by (10.20). Next, letting v : I = [0, E~"] — X, be an arclength parametrization of
Y, € F1, write

/tpda <)1) / (&~ (t))dt

S ge€

and by partial integration

, max € ()] ES
/€(§ (1)) dt| S ,g SO [ iesr mdt S

T
from the definition of F;. Hence, for a € F;

E€1+€
do| < foralle >0 10.25
E/ pdo| < = (10.25)

and (10.22) will hold if g > &1 and E large enough.
It follows that for £/ > Ex; .,

#(NNT) > (#F1) > B>~
proving Theorem 10.8. O
For d = 3, we can show

Theorem 10.9. Let ¥ C T be a real analytic surface with non-vanishing curva-
ture. There is Ex; such that if E > FEx, F # 0,4,7 mod 8 and N is the nodal set of
¢E, then

NN #¢. (10.26)
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The argument allows more precise statements that we do not attempt to formu-
late here.
As before, (10.26) will be derived from a property

[ et / () w(z)| do (10.27)

with 0 < w <1 a smooth localizing function on 3.
Letting

v) =Y ¢Qe(x-¢), E={cZ|¢ =E}.

£eg
Then (3.10) allows to bound the left side of (10.27) by (||¢|l2 = 1)

S 10 | [ o ula)as <Z‘¢

cee 2 gee
E 2 (#&): < ETite, (10.28)
According to Theorem 9.1,

/|<p\2wda >c (10.29)

and hence, certainly
1 .
/ jelade > > (S 1e@)) > B

which is barely insufficient to conclude.
Instead of interpolating L?(X, do) between L'(X,do) and L (X, do), interpolate
L?(%,do) between LY(X,do) and L*(3, do)

c</y<p\2wdg < </|wda>g </]g0|4wda>é (10.30)

reducing to problem to establish a bound of the form
/|<p|4wd0 < E3—%0 (10.31)
for some g9 > 0.
Note that from Theorem 8.1

/|ap\2wda <C (10.32)
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and therefore

2 1
[lettodo < Cllelz < (S 10())" < BE. (10.3)
b

Decomposing ¢ = ¢1 + @2, with
pir(@) = Y @e(z-€)
p(e)|>E T+

the bound (10.33) implies that

/\g01\4wda < B3~%
b

and hence we may assume
6(6)] < BE. (10.34)

Fix p = % — 7, 7 > 0 sufficiently small, and partition
£=Jé
«
in ~ E?7 sets of diameter at most E°. Write

= with a(x) = Y @(E)e(x - €)

et

and
/|<,0|4de§E2TZ/]@Q|2|¢\2de. (10.35)
b >

We choose 7 small enough for Linnik’s equidistribution property to imply
#E, < E2720) for cach (10.36)

(this is where we need to assume E # 0,4, 7 mod 8). Expanding in Fourier and using
again (3.10), we obtain

/ (02| paPwdo
>

< . I _ eiw(§1—52+§3—§4)
~ £I_§2—§_€4#0¢(51)¢(§2) @a(fg)(pa(&;) |§1 o 62 + 53 o 54’

+ ) PP 1Pa(&) 1Paléa)] (14 1€ — &+ &+ &l) 2.
ISHSRIN

(10.37)

(10.38)
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From (10.34), clearly

(10.38) < E-7e0 S (14 g~ & -Gl)?
§1,£2€€:83,4€80
< pttol) Z ATRHL(E1,60,63,84) € E2 X E2; 161 — Eo + £3 — &4 < 2F).
2 < B3

(10.39)

We need to estimate for r < R

#{(&1,62.63.84) €E* X E |61 — Lo+ & — &l <1} (10.40)
Let P;s be an approximate identity on T3. Then

2 2
(10.40) 5/ Ze(fvf) Ze(azf) P%(:L‘)dw

it |€€E ¢eka
2 2

7“3/ Ze(xﬁ) Ze(x.&) dx

7o |E€€ €et.
= rO#{(61,62,63,6) € EP X E361 — Lo = & — &a} (10.41)
rEal? [ max(#{(&,n) € €% —n =)
< 13,7 E"°
< it (10.42)

N

IN

We used here (10.42) and the bound
H(Em) €T x T P =B =y and £-n=v}<E°  (10.43)

which is a consequence of (2.6).
Another bound on (10.38) is obtained by fixing & € &,&3,&4 € &, and observing
that & € & is restricted to some ball of radius r. Hence, invoking Lemma 8.9,

(10.40) < |Eq)?|E| EF (1 +r <\/TE> 20)

< Eiite (1 +r <T ") (10.44)
VE

Thus

1 1 2k 20 1
(10.38) < B7H7F % 7 min (2k,4_kE2 +27FE: (\/E> > < Ei747+ (10.45)

k<E3



924 J. BOURGAIN AND Z. RUDNICK GAFA

Next, we estimate (10.37). Let 0 < 7 < 1 be a bump function on R? such that
n(z) =0 if |2| < § or |z| > 2. Estimate

wan< ¥ | X 0 (LS o pET )5 €
2k <+/E | §1,62,€3,64

el (§1—&+E3—8a)
X .
& — &+ & — &l

(10.46)

Ignoring the oscillatory factor, the k-term in (10.46) can be estimated by

B2 (61, 60,63,60) € €7 X E5 61—+ & — & S 27 (1047)

recalling (10.34). From (10.42), (10.44)

. L 2k
10.47) < E~¥**min [ 4%, 27FE: + E= <>
e ( VE
< Ei—iTte | paitte (j%) o (10.48)

This estimate is conclusive unless 28 > Ez 71 > EP (1 > 0 an arbitrary small fixed
constant). For such k, the oscillatory factor in (10.46) cannot be ignored.
Estimate the k-term in (10.46) by

(#Eq)2 - B3¢ {;?fgfi‘a g;gn (51 - 52;53 - 54) H()5(E)

ei¢(§1—§2+§3—f4)
x
|61 — & + &3 — &4

< 2_kE_4T+€ |ITIE%( Z ag, b€2 eiw(fl_fz-‘rv) . (1049)
v|<EP
Tifa | 5

In establishing (10.31), we may obviously assume diam(supp ¢) < ¢v'E (c as in
Lemma 7.2). It remains to get a nontrivial bound on

> ag, be, V&1 5 1Y) (10.50)

£1,62€€
2k72<|§1—§2\<0\/ﬁ
& —&+veZ
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where |v| < EP,p < % — €1. The same analysis used to prove Lemma 7.2 gives an
estimate

(10.50)| < E*=7 (10.51)

for some v > 0!
Hence

(10.49) < Bz —47mHete « pa—37—47, (10.52)
Thus from (10.48), (10.52), we obtain

(10.37) < Bz~ 4~ 251+ 4 Fa—a747 (10.53)
and recalling (10.35)
/\@]4610 < EY x (10.53) < Bz~ 21t 4 F3 37, (10.54)
b
This completes the proof of (10.31) and Theorem 10.9. 0

REMARK. It is easily seen that if ¥ C T? is a smooth surface, then

L e e zep = By (10.55)

]

max /]90E|4d0 e
lesl-=1
b

(consider the contribution of X' N B(0, 115) with 0 € X a shift of ¥).

Since by (2.3) there are arbitrary large eigenvalues E for which
#{¢ € 7% ¢ = B} 2 E'*(loglog E) (10.56)

one cannot hope for uniform L*-restriction bounds.

11 Higher Dimension

11.1. We are not able at the time of this writing to prove either Theorem 8.1 or
Theorem 9.1 in dimension > 4.

It was proven by Hu [Hu09] that if (M, g) is a smooth compact Riemannian man-
ifold of dimension d and ¥ a smooth submanifold of dimension d — 1 with positive
(or negative) definite second fundamental form, then

leelrz s < CsEw|erlre (11.1)

! Letting R = VE, v' = £, |[v'| < R7*7, consider the function 1 (z — y 4+ v') with z,y € S*. The
sets Ws,s, considered in Lemma 4.3 for the function ¢ (p(z) — p(y)) remain the same for the function
¥(p(z) — p(y) +v'), since 6,61 > R™° while |[v/| < R™*7, ¢ < 7. Thus the analysis from Section 4
still applies and we obtain Lemma 5.2 for ¢(x — y) replaced by ¥(z — y + v).
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for all eigenfunctions pg, —App = Epg of the Laplace—Beltrami operator A of M.
For d = 2, the result is due to [BGT07].

In the case of the flat torus M = T¢, one can show an improvement over (11.1)
in arbitrary dimension

Il < CeEw="|op| 12T (11.2)

for some 4 > 0 (with same assumption on X).
We will not present the proof here, as we believe the validity of our Theorem 8.1
in any dimension is the truth.

11.2. Theorem 8.1 in its dual formulation is the following statement about restric-
tion of the Fourier transform.

Theorem 11.1. Let ¥ C T? be real analytic with nowhere vanishing curvature.
For E € Z.., denote

Ep ={¢ € Z%¢)? = E}.
Then the restriction operator
L? (E,da) — (&) i p— file,
has norm bounded by Cy.

Setting R = V'E, our argument involves the following properties of & = g C
RS?:

(i) There is €1 > 0 such that if » = R'=%* and C, C RS? is a cap of size r,
then (for some sufficiently small € > 0)

2
ENC < (%) Rl (11.3)
(ii) There is some constant 1 > 0 such that if 7 < R and C, C RS?, then
ENCy| < RE[(%>177‘+1] for all & > 0 (11.4)
iii) Denoting {C,} a partition of RS? in cells of size ~ \/E,
(iif) g p

Y ENCLP < R foralle >0 (11.5)
«

holds.

Note that we did not use the fact that £ C Z3.
The ‘idealization’ of £ is a set S C RS? which elements are v/ R-separated. For
such sets S, the restriction operator

L? (E,do’) — S :p— L S (11.6)
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with ¥ as in Theorem 11.1, is easily seen to be bounded. By (3.10), it suffices indeed
to show that

3 |§Iag!§|/‘|lil <O (Y Jac] . (11.7)

§8'es £es

Our assumption on & implies that maxg (Egesliflf’l) < C and (11.7) follows from
Schur’s test.

Surprlsmgly, the higher dimensional analogue, where one considers a set & C
RSV of Rt -separated points as idealization of £ = {¢ € Z%; |¢]? = R?}, may fail
for d large enough. This illustrates the difficulty of proving Theorem 8.1 for general
dimension and the need to exploit somehow that & C Z¢.

In the next example ¥ = S,

LEMMA 11.2. Let d > 8. Then for large R there is a set S = S(R) C {z € RY| |z| =
R} with the following property

€ —¢| >Rt for&#¢€ in S (11.8)
and such that the operator

L*(5%7 do) — £3(S) : > IS
has norm at least Re a1 .

Proof. Let K = [Rﬁ] In fact we will only use points in the cap

C={lz| = R}mB(Red, 11 32/3)

00
(see Fig. 4). We choose

R2/3
_ 2 2(s2 2 .
S—{(Kzl,...,szl,\/R K2?(z7 + +zd_1)>,zl€Z,]2\< 100K}'
(11.9)

Next, we introduce the measure y on Sq_, || 2 = 1. Let

F={(y1,--,vda-1) € Zd_l;y% +--- —|—y§71 = KQ}
Thus
|f| ~ Kd_3.

Q= {:1: = (21,...,2q) € S dist <a:’, Il{}") < R_i}

Define
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m

Red

~ R2/3

Figure 4: The cap C

where 2/ = (x1,...,24_1). Hence
1—a2 =12 >1-2R"%? and |z4 < V2R 5.
Also
Q| ~ |7 R pg L A3 Rp—3dtl (11.10)

Define p on Sg_1 by

dp e(—R-zyq)
—=———lao. 11.11
do |Q’§ Q ( )
Evaluate
S IEP =127 [Ta(6 — Rea)l. (11.12)
ges ces

Note that S — Rey is contained in ﬁRQ/?’ X oo X ﬁRQ/?’ X ﬁRl/?’ and therefore,
from definition of 2 and S

e((€ — Req) - o) me(§rw1 + -+ + Ea—1Ta—1)

~e(Kz-2')=1 (11.13)

foré € S,z € Qand z € Z¥1 N B(O, %). It follows from the definition of €2 that
2/3\ d-1 ) .

sl 218 i0f ~ (B0) " rortn — pikr )

hence the claim. Note that we may replace S by T'(.S), with 7" an arbitrary orthogonal
transformation of R?, with the same conclusion for the restriction operator. O
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12 Restriction Upper Bounds for Generic Eigenvalues
In this section we prove Theorem 1.10. The proof of Theorem 1.10 is based on the

following arithmetic statement (Lemma 2.9 in [BR11b]).

LEMMA 12.1. Fix € > 0 and taking N € Z, large, E € {1,...,N} and A = VE,
one has that

min_ |z —y| > A7 (12.1)

except for a set of E-values of size at most N'75.

We recall the argument.

Proof of Lemma 12.1. Let M = /N and estimate the size of the set
S ={xecZ%|z| <M and 2z.z = |2|? for some z € Z2,0 < |z| < M7}, (12.2)
Writing 2z = d.2/,d € Zy and 2’ = (2}, 2) € Z? primitive, the equation

21.2" = d|2'|? (12.3)

M

7 solutions in z, |z| < M, for given 2’ primitive.

has at most ¢
Hence

Sl<c > %<CZ M < CM?*log N.

E4 d
1<d<M 2 €77 d<M
1—e
0<|z/|< M2

Since |S| is obviously an upper bound for the number of exceptional E € {1,..., N},
Lemma 12.1 follows.
Theorem 1.10 is therefore a consequence of

LEMMA 12.2. Let € > 0 be small enough and E = \? € Z, satisfy (12.1).
Let ¥ be a C%-smooth curve in T?. Then any eigenfunction ) of T? satisfies

leallzzs) < Cslleall2- (12.4)

Proof. Let v : I — X, I C [0,1], be an arclength parametrization. Fix % <p<l1
and partition I = |J Is, I = [ts,ts+1] in intervals of size A™°. Since

Y(t) = A(ts) + (t = t5)3(ts) + O(A )
for t € I, it follows that

/ €10t < 3

1

~+

s+1

() gt

—

-p

> 5

eIy 4 O(|E|AT2#). (12.5)

I
(]
" —



930 J. BOURGAIN AND Z. RUDNICK GAFA

Denote £ = {¢ € Z%|¢] = A} and ¢ = > ece age(z - §), [[oll2 < 1. Estimate using
(12.5)

§,8'e€

[lePdo < Y laellael | [ er(0)- (€~ ¢))a
> I

<> N \a£||a§«|min{)\p, |(£§,;7(ts)|}+15m12p. (12.6)

s §Eel
Fix 1 <s < A. If we fix £ € € and let &' € E\{£} vary, it follows from (12.1) that
Py (€ — €N 2 ATFE— € 2 A% (12.7)

except for at most 1 element. Thus (12.7) holds for (£, ') € & where £ C & has the
property that for each £ (resp. &) there is at most one £ (resp. &) with (£, &) € &s.
From (12.7)

(126) S>> laellag N2+ A Y aglag| + [EPAT 2
s geel s (FPIA
< y—l4+pt2e 02 , 241-2p
<A €| —l—mgx g lag| lag/| + €7
(£,6)€Es
5 1+ ‘8‘2<)\—1+p+25 + )\1—2;)) SJ 1

for € > 0 small enough, since % <p<lLl
This proves Lemma 12.2. O

13 The Number of Nodal Domains for a Random Eigenfunction

In this section we prove the analogue of the Nazarov—Sodin theorem [NS09] on the
number of nodal domains for T?, d > 3. We restrict ourselves to d = 3 as some extra
arithmetical assumptions are required in this case.

Theorem 13.1. Let d = 3. Assume E = \? € 7 sufficiently large and E #
0,4,7(mod8). The number of components of the nodal set N of a ‘typical’ eigen-
function @y is of the order \3.

Proof. In [NS09], the corresponding result is proven for the sphere, based on a ‘bar-
rier’ argument. It turns out that the same method can be easily adapted to the
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torus T4, at least when d > 3, to produce the required lower bound (the upper
bound follows from Courant’s nodal domain theorem).

First, denoting X, = span {¢; —Ap = A\2¢} and P(X)) the corresponding pro-
jective space, a generic element of P(X),) is represented by a Gaussian random

variable
1

EE

©“(x) Z (ge(w) cos 27z - € + he(w) sin 27z - €) (13.1)

£ee
with EN (=€) = ¢, EU(—=E) ={€ € Z¢: |¢| = A} and {g¢}, {h¢} independent, real,

normalized Gaussian random variables.

Denoting
{fj}:{\/icos%ra:-ﬁ, V2sin2rz-£: €€ &) (13.2)
rewrite ¢“ as
1
¥ = REl Z g;(w) f; (13.3)
| ’1§j§2\5|

where {g;} are as above.
Denote N = 2|€| and let T' be an N x N orthogonal matrix. Defining

N
Fy(x) =) Tyfi(x) (13.4)
j=1

the Gaussian random variable ¢ has the same distribution as

w o 1 N . .
wﬂw;MW% (13.5)

(by invariance of the Gaussian ensemble under the orthogonal group).
Choose T with

—  if f; is even
Ty =<4 Vil I (13.6)
0 if f; is odd.

Hence
V2
Fi(z) = — cos 2w - 13.7
1() mz 3 (13.7)

that we use as our ‘barrier’ function.
Rewrite

W = \/‘%gl(w)ﬂ e (13.8)

with G* independent of ¢;.

Taking in (13.7) ||z|| < A™%, it follows from the equidistribution of lattice points
on the sphere (this is why we impose the condition E # 0,4, 7 mod 8, see Sect. 2.1)
that
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Fi(z) =VN /(cos 2z - ()o(dC) + O(N™F)

52
= VN(5(\|z|) + O(A79)). (13.9)
Therefore, there is some r ~ % such that (for some constant ¢ > 0)
Fi(z) < —eVN for |z| = r. (13.10)
Also, clearly
F1(0) = VN. (13.11)
Assume we show that for some constant C,
gllzg |G¥(x)| < C1 (13.12)

holds with probability at least % in w.
Since g1(w) is independent of G¥, it follows from (13.10), (13.11)

P (0) > g1(w) — |G¥(0)| > Cy —C; > 1 (13.13)
and for |z| =7
V() < —cg1(w) + TDI%X |G¥(z)| < —cC2+ C1 < —1 (13.14)

with probability at least %6_022 > ¢3 > 0 in w. For such w, since 9* satisfies (13.13),
(13.14), the ball B(x,r) C T3 will necessarily contain a nodal component.

Partitioning T? in boxes Q, of size ~ % and observing that ¢“ and any translate
©“(-+a),a € T3, are random variables with the same distribution, the preceding
implies that, with large probability in w, the nodal set N, of ¢ satisfies

#{o; Q, contains a component of N} ~ \3

and hence ¢* has at least ~ A3 nodal components.
It remains to justify (13.12).
Take a radial bumpfunction 7 on R? such that

n(z) ~ el and A(x) =1 for x| =1 (13.15)
and set 1y (z) = A3n(A\x). Thus 7y (z) = 1 for |x| = X and therefore
G¥ = G¥ % . (13.16)

Since [y = [n < C, clearly

/\G“’(aﬁ)m,\(x)dx <C (13.17)
R3

with probability at least % in w.

Let |y| < r. By (13.16), |G¥(y)| < [|G*(z)|nr(z — y)dz, and since ny(z — y) ~
m(z) for [y| < % by the choice of i in (13.15), (13.12) follows from (13.17).

This completes the proof of Theorem 13.1. ad
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Appendix A. Lattice Points in Caps (d > 4)
Let N = R? € Z. We show the following

r 4 pd3 it d>7
2 4 (logw(N))2r3 if  d=6
ErnCl s " (A.1)
e if d=5
T (logw(N))2 +r2¥eRe if d=4.

Let N = R? and b = (by,...,bq) € £ENC,. Then

IERNC| < {z€ZY2i+ - +2i=N and |z;—bj| <r}

d
S d r 2 —+ 2bjyj = O .
Jj+1

Let v be a smooth bump function. Express (A.2) by the circle method as

/H (4 + 2bjy)t )]dt (A.3)

Denote

Zv( ) (2t+y<p) (A.4)

Y

Let

t=24Bq<n(ag=1 and |f<—. (A.5)
q qr

By Poisson summation

~ > S(a,m;q)J (¢, 8,m;q) (A.6)
meZ
where
10
S(a,m;q) = . eq(k*a — km) (A.7)

k=0
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and

J(. B,m;q) = /W (%) e ((w + ?) y+ yQﬁ) dy. (A.8)

R

Note that certainly

1
,B,m; min | 7, — A9
[T (0, B.miq)| < ( |ﬂ|> (A.9)

and also (for appropriate choice of )

m )1/2

| S re (Tl Bn' g ‘cp+%‘ > 2r|g]. (A.10)

In particular, it follows from (A.10) that (A.6) only involves a few significant terms.
Substitution of (A.6) in (A.3) gives

d d
Z {HS(a,mj—Qabj,q)} {HJ(%jﬂ,ﬂ,mj;q)} (A.11)
mi,ma | j=1 j=1

where it remains to perform the sum over (a;q) = 1, integrate in |3 < qu and sum over
qg<r.
Since

S(a,m;q) = S(1,0,q) (Z) eq(m?d’) d'a=1(mod q) (A.12)

the first factor in (A.11) equals

S(1,0, ) <Z>d eq (a' (Z(mj 2abj)2)) ~ 5(1,0,q)° (‘q‘)d eq(4aN + a'|m/[?).

(A.13)

Summing (A.13) over a, (a,q) = 1 (the sum factors over the prime factorization of ¢) and
applying Weil’s bound on the Kloosterman sum (d even) or Salié sum (d odd), gives the
bound

N

q

[N

-¢ Var(q) d odd
{\[T(Q)(CLN) d even. (A.14)

Hence

(az <Y NfT ) /H\J%Jm,mj, 0|5, (A.15)

qsr mi,...,mq

Since |b| = R, we may assume |b1| ~ R
From (A.9), (A.10))
1

> 1T, 8,m;9)] S NG L e < 75 (A.16)
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since |f] < qu- Hence

A15 <Z ET /‘J 2b1ﬁ 67m1a )|d6

d 1

q<r

From (A.10)

1
|J(2b16a6,m1,q)‘ < re*(T|2b1ﬁ+ )2 ip

%, 3 + —‘ > 2r|g]
and hence
S I(2616, 8,ma, )] < re G129 i b qB) > 2rq|8].
mq

We use this property to get a better estimate.
Write

1 b R
8= q—l—ﬂ BT < and ﬂeZ\€|<|1|~—.

2b 40by|q r
Thus (A.19) implies

rl

Z|J2b16 8,m;q)| S re RIFNE if 5] > 1075

Contribution of |3| <

For such 3, from (A 20) \€| < 1:”2? and (A.21) will hold if |3'| > #-.
Since for || < A, (A.21) is certainly true, it is always valid.
The my-sum in (A.17) is therefore bounded by

r
_ 1 q
-1+ | 49
<r <R + r2) .

This gives the contribution

[NE

r @@ N2 | as [N 7@ N)
R > a—1 +r > R
q<r a= q<r a:=
Contribution of 18] > =
Let || ~ & with B < L. Then [¢] ~ #47 and (A.21) will hold if |5’
Using also (A.16) the contrlbutlon in (A.17) is at most

‘NT‘R

rd_lB_% Z (CLN)%T(Q) d—3z 7(q)( N)%B—f

5 WMD) (5T (1 B2 (£ [enitay)

935

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)
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Summing (A.24) over dyadic values of B < o gives (A.23), except if d = 4, where in the
second sum there is an additional log g factor.
It remains to estimate the ¢-sums in (A.23)

SN iT 7(c 1 C for d >
Zug ch()l <Z d"la><{0(logw(N))2 fzr dzi (A.25)

)

a<rq’

4_9
2
q c|N ¢

c<r

1 C ford> 17
A—ﬁﬁgﬁlg }:Iﬁi (}:Tg?><: C(log w(N))? ford=6 (A.26)

a<r g’ Re ford=25

while for d = 4, we have

7(q)

2]
—~
=
2

[l BT

1ogg < riteRe (A.27)

This gives (A.1).
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